Approximations are commonly employed to find approximate solutions to the Einstein equations. These solutions, however, are usually only valid in some specific spacetime region. A global solution can be constructed by gluing approximate solutions together, but this procedure is difficult because discontinuities can arise, leading to large violations of the Einstein equations. In this paper, we provide an attempt to formalize this gluing scheme by studying transition functions that join approximate solutions together. In particular, we propose certain sufficient conditions on these functions and proof that these conditions guarantee that the joined solution still satisfies the Einstein equations to the same order as the approximate ones. An example is also provided for a binary system of non-spinning black holes, where the approximate solutions are taken to be given by a post-Newtonian expansion and a perturbed Schwarzschild solution. For this specific case, we show that if the transition functions satisfy the proposed conditions, the joined solution does not contain any violations to the Einstein equations larger than those already inherent in the approximations. We further show that if these functions violate the proposed conditions, then the matter content of the spacetime is modified by the introduction of a matter-shell, whose stress-energy tensor depends on derivatives of these functions.
Abstract.
Approximations are commonly employed to find approximate solutions to the Einstein equations. These solutions, however, are usually only valid in some specific spacetime region. A global solution can be constructed by gluing approximate solutions together, but this procedure is difficult because discontinuities can arise, leading to large violations of the Einstein equations. In this paper, we provide an attempt to formalize this gluing scheme by studying transition functions that join approximate solutions together. In particular, we propose certain sufficient conditions on these functions and proof that these conditions guarantee that the joined solution still satisfies the Einstein equations to the same order as the approximate ones. An example is also provided for a binary system of non-spinning black holes, where the approximate solutions are taken to be given by a post-Newtonian expansion and a perturbed Schwarzschild solution. For this specific case, we show that if the transition functions satisfy the proposed conditions, the joined solution does not contain any violations to the Einstein equations larger than those already inherent in the approximations. We further show that if these functions violate the proposed conditions, then the matter content of the spacetime is modified by the introduction of a matter-shell, whose stress-energy tensor depends on derivatives of these functions.
Introduction
The detection and modeling of gravitational radiation is currently one of the primary driving forces in classical general relativity due to the advent of ground-based [1, 2, 3, 4] and space-born detectors [5] . This radiation is generated in highly dynamical spacetimes, whose exact metric has not yet been found. Approximate solutions to the Einstein equations, both analytical (such as post-Newtonian solutions [6] ) and numerical, have served to provide insight on the dynamics of such spacetimes and the character of the radiation produced. These approximations, however, have inherent uncontrolled remainders, or errors, due to truncation of certain higher order terms in the analytical case, or discretization error in the numerical case. An approximate global solution, then, could be constructed by joining several approximate solutions together in some overlap region [7, 8] .
Before proceeding, we must distinguish between two different kinds of joined solutions: mixed ones, where one joins an analytical solution to a numerical one; and pure ones, where one joins two analytical solutions that have different but overlapping regions of validity. A special kind of mixed joined solutions have been created in the context of the effective-one-body formalism [9, 10] , with the motivation of providing accurate waveform templates to gravitational wave interferometers. Pure joined solutions have been discussed in the context of asymptotic matching [7, 8] , where one of the motivations is to use the joined solution as initial data for relativistic simulations. In this paper, we concentrate on pure joined solutions, although the methods and conditions we find can be straightforwardly extended to mixed joined solutions.
The construction of pure joined solutions is not always simple because approximation methods tend to break down in highly dynamical spacetimes. The main difficulty lies in that approximate solutions usually depend on the existence of a background about which to perturb the solution. However, in highly dynamical spacetimes, such a background cannot usually be constructed. Thus, in those scenarios, the region of validity of the different approximations tends not to overlap. In slightly less dynamical cases, the regions of validity can overlap, but the different approximate metrics usually describe the spacetime in different coordinates and parameters. Patching [11] could be used to relate the different approximate solutions, but this method usually leads to an overdetermined system if we require the patched metric to be differentiable at the junction. A better alternative is to relate the approximate solutions via asymptotic matching, which guarantees that adjacent metrics and their derivatives be asymptotic to each other in some overlap region.
Asymptotic matching was developed as a technique of multiple-scale analysis to solve non-linear partial differential equations [11, 12] . In general relativity, this method was first studied in [13, 14, 15, 16, 17] and it has recently had important applications to post-Newtonian theory [6] , black hole perturbation theory [18] and initial data constructions [7, 8] . Matching requires that we compare the asymptotic expansions of the approximate solutions inside the region of the manifold where the regions of validity of the approximations overlap (the buffer zone.) This method then provides a coordinate and parameter transformation that relates the approximate metrics, such that adjacent metrics and their derivatives become asymptotic to each other inside the buffer zone. In essence, asymptotically matched approximations are guaranteed to represent the same spacetime in the same coordinate system inside the buffer zone.
After matching has been carried out, there is still freedom as to how to join the matched approximate solutions together. The simplest way to do so is through a weighted linear combination of approximate solutions with transition functions. This method was first considered in depth in [7, 8] , where a binary black hole system was studied to construct initial data for numerical simulations (the socalled Frankenstein approach). In that work, only broad comments were made as to the type of allowed transition functions, requiring only that the functions be "differentiable enough." A priori, thus, it might not be clear which functions are allowed such that the global metric still approximately solves the Einstein equations. For instance, it might seem natural to use Heaviside functions to join the metrics together at a hypersurface, as is done in the standard junction conditions of general relativity [19, 20, 21, 22, 23, 24, 25, 26, 27] . These joining procedure works well when dealing with exact solutions to the Einstein equations, in the sense that the joined solution is itself also a solution. As we show in this paper, however, when working with approximate solutions better transition functions need to be found. The purpose of this paper is to study whether a solution to the Einstein equations, be it pure or mixed, can be constructed directly from a weighted linear superposition of approximate solutions with transition functions. We thus refine, prove and verify many of the broad statements made in [7, 8] regarding transition functions. This goal is achieved by constraining the family of allowed transition functions for pure joined solutions via certain asymptotic differentiability conditions. These conditions are independent of the perturbative order to which asymptotic matching is carried out and the location in which the transition occurs, as long as it is inside the buffer zone. We then derive and prove theorems that guarantee that pure joined solutions constructed with this restricted family of transition functions satisfy the Einstein equations to the same order as the approximations. Moreover, we also show that if the transition functions do not satisfy the proposed conditions, their derivatives modify the energy-matter content of the spacetime by introducing a non-negligible stress-energy tensor. Finally, we extend these theorems to solutions projected onto spatial hypersurfaces, so that they can be directly applied to initial data construction schemes. These theorems then allow for the systematic construction of pure joined solutions and they can be straightforwardly extended to mixed joined solutions.
An example of such transition functions is provided by studying a binary system of non-spinning black holes, where the approximate solutions are taken to be given by a post-Newtonian expansion and a linearly perturbed Schwarzschild solution. We explicitly show that if the transition functions satisfy the proposed conditions, the 4-Ricci scalar calculated with the pure joined solution vanishes to the same order as the uncontrolled remainders in the approximations. In particular, we explicitly show that derivatives of the pure joined solution built with appropriate transition functions are approximately equal to derivatives of the approximate solutions up to the uncontrolled remainders in the approximations. We also numerically show that if the transition functions violate the proposed conditions, their derivatives modify the matter content of the spacetime by introducing a shell of matter. In this manner, we explicitly verify, both analytically and numerically, that pure joined solutions do represent the same spacetime as the approximate solutions up to the accuracy of the approximations used.
This paper is divided as follows: in section 2 we review the standard junction conditions at a hypersurface, so that we can extend them to the case where the solutions used are approximate instead of exact, provided the existence of a buffer zone; in section 3 we study how to join approximate solutions with transition function and derive conditions such that a pure joined solution satisfies the Einstein equations to the same order as the approximations used; in this section, we also study projections of these pure joined solutions to a Cauchy hypersurface in order to develop conditions for transition functions that can be used in initial data construction schemes; in section 4 we study an example of the theorems formulated by considering a binary system of non-spinning black, constructing approximate global metrics with different transition function, and explicitly calculating the 4-Ricci scalar; in section 5 we conclude and point to future research.
The notation of this paper is as follows: Greek indices range over all spacetime indices, while Latin indices range only over spatial indices; the symbol O(A) stands for terms of order A, while the symbol O(A, B) stands for remainders of order A or B, where A and B are dimensionless; a tilde superscript A stands for the asymptotic expansion of A as defined in [11, 12] ; we use units where c = G = 1. Symbolic calculations are performed in Mathematica and Maple.
Junction Conditions at a Hypersurface
In this section, we review a variation of the standard junction conditions of general relativity. These conditions have been discussed extensively in the literature (see [19, 20, 21, 22, 23, 24, 25, 26, 27] and references therein.) Here, we review only those concepts important to the understanding of this paper, following in particular [27] . Certain departures from the notation of [27] are so that the generalization to the case of approximate solutions in the next section becomes easier.
Let us first set up the problem. Consider a spatial (or timelike) hypersurface J that divides spacetime into two regions: C 1 and C 2 . Each of these regions possesses an associated metric and coordinates, {g
(1) } and {g (2) µν , x α (2) }, such that these metrics solve the Einstein equations exactly in their respective regions. In the literature, this exact solutions and coordinate systems are also sometimes referred to as {g ± µµ , x α ± }. The problem is to formulate junction conditions on J that guarantee that the 4-metric joined at J satisfies the Einstein equations.
Let us make these statements more precise by considering a congruence of geodesics piercing J . Let then ℓ denote the proper time (or proper distance) along the geodesics, such that ℓ = 0 corresponds to when the geodesics reach J . The joined solution then takes the following form [27] :
where Θ(·) is the Heaviside function. Such construction implicitly assumes that the coordinate systems overlap and are the same in some neighbourhood around ℓ = 0. We now proceed to formulate the junction conditions. The first junction condition arises by requiring that the 4-metric be continuous across J , in a coordinate system x α that overlaps both x α 1 and x α 2 in an open region that contains this hypersurface. This condition can be expressed in a coordinate-independent way by projecting it to J . Then, in terms of 3-tensors this condition becomes
where here h ab is the 3-metric associated with the junction hypersurface, i.e. h ab = g ab + e ± n a n b ,
with n a normal to J and e ± = ±1 depending on whether J is spatial (−) or timelike (+.) Equation ( 2) guarantees that the hypersurface J has a well-defined geometry. These equations also imply that the metric is differentiable across J , except for its normal derivative to J that in general is discontinuous. The second junction condition arises by requiring that this normal derivative does not lead to violations of the Einstein equations across J . In terms of 3-tensors on J , this condition becomes
(4)
One can show that the failure of these equations to be satisfied changes the distribution of energy-momentum tensor of the spacetime and gives raise to a shell of matter with stress-energy tensor [27] 
In the next section, we shall be mostly interested in vacuum spacetimes, for which such a stress-energy tensor should vanish. The satisfaction of the Einstein equations by (1) and the absence of a stressenergy tensor as in (5) then guarantees that the junction conditions [(2) and (4)] are also satisfied. Exact solutions, however, are rarely available for astrophysically realistic scenarios. In that case, one must rely on approximate solutions, for which similar conditions to those discussed here can be found, as we shall study in the next section.
Pure joined solutions
In this section we build a pure joined solution by extending the standard junction conditions to the case where the metrics g (1,2) µν are only approximate solutions to the Einstein equations. For simplicity, we assume a vacuum spacetime and that there exists analytic approximate expressions for g (1, 2) µν , such that pure joined solutions are sought. The conclusions of this section, however, can straightforwardly be extended to other cases, where numerical solutions are available instead of analytical ones, provided information about first and second derivatives of the numerical solutions is also available. As shown in [7, 8] , the first step in joining approximate solutions is to apply asymptotic matching inside some overlap region. Once this has been done, one can search for conditions such that the pure joined metric tensor satisfies the Einstein equations to the same order as g (1, 2) µν . We here first present the basics of asymptotic matching as applicable to this problem [6, 7] . We then search for asymptotic junction conditions (or buffer zone conditions), which are asymptotic in the sense of [11, 12] and, thus, are to be understood only approximately to within some uncontrolled remainder.
Asymptotically matched metrics
Consider then a manifold M that can be divided into two submanifolds C 1 and C 2 , each equipped with a approximate metrics g (1) µν and g (2) µν and a coordinate system x α and xᾱ respectively. These metrics are approximate in the sense that they solve the Einstein equations to O(ǫ l n ) for some l ∈ N in their respective submanifolds, e.g. in vacuum
where n = {1, 2} and ǫ n ≪ 1 is some dimensionless combination of parameters and coordinates local to the n-th submanifold. Notice that we use here bars to denote the different coordinate systems (as opposed to numbers, as in the previous section) because we must be more careful about the coordinates used in these approximate metrics.
Let us further assume that these submanifolds overlap in some 4-volume, defined by the intersection B = C 1 ∩ C 2 , and sometimes referred to as the overlap region or buffer zone. The boundary of the buffer zone, ∂B, cannot be determined exactly, because it is inherently tied to the regions of validity of the approximate solutions, which themselves are only defined approximately. For concreteness, if we let g
µν (xᾱ) be defined in xᾱ ≪ xᾱ out , then the buffer zone is asymptotically defined by the following condition:
Here, the relational symbol ∼ stands for "asymptotic to" as defined in [11, 12] and, thus, the definition of the boundary of the buffer zone should also be understood in an asymptotic sense. Note here that the boundary is made up of two disconnected pieces, ∂B − and ∂B + , defined via x α ∼ x α in and x α ∼ x α out respectively. The definition of the buffer zone can be thought of in terms of a simplistic spherically symmetric example, where x α → r, ∂B is a spherical shell and ∂B ± are 2-spheres. However, in practical examples, such as binary black hole spacetimes, the boundary of the buffer zone is not simply a spherical shell, but instead it acquires some deformation in accordance with the deformation of the spacetime that is being modeled.
The approximate metrics live in different submanifolds and depend on different coordinates (x α ,xᾱ) and local parameters (θ α ,θᾱ.) These parameters, such as the mass of the system or its velocity, describe the physical scenario that is being modeled. However, since both g (n)
µν are valid in B, both coordinate systems must be valid in the buffer zone (i.e., the charts of C n overlap in B.) Using the uniqueness theorems of asymptotic expansions [11, 12] , one can find a coordinate and parameter transformation to relate adjacent submanifolds inside B. In order to achieve this, one must first compute the asymptotic expansions of the approximate line elements, ds 2 (n) , near the boundaries of the buffer zone, ∂B, and then compare them inside B but yet away from ∂B, i.e.
with remainders of O(ǫ l+1 1 , ǫ l+1 2 ) and where the \ symbol is the standard exclusion symbol of set theory. Using (7), a coordinate transformation ψ : xᾱ → x α and a parameter transformation φ : θᾱ → θ α can be found inside B. These transformations guarantee that all components of adjacent 4-metrics are asymptotic to each other inside the buffer zone [11, 12] . This fact implies that the derivatives of adjacent metrics are also asymptotic to each other
for all m < l and with uncontrolled remainders of at least O(ǫ l+1−m 1 , ǫ l+1−m 2 ) or smaller remainders inside B. An example of this reduction in accuracy is given by time derivatives of post-Newtonian expansions. In those cases, time derivatives introduce an extra factor of velocity, increasing the order of these terms. Henceforth, we assume that asymptotic matching has been carried out and that one of the metrics has been transformed according to {ψ, φ} such that (7) holds. See [11, 12] for more details on the theory of asymptotic analysis and [13, 14, 15, 16, 17, 6, 7] for a detailed discussion on asymptotic expansions in general relativity.
Asymptotic Junction Conditions
Let us now return to the buffer zone and note that it can be foliated by a family of junction hypersurfaces J i , where i labels the member of the family. For simplicity, we choose these hypersurfaces to be timelike, since in the next section we project the 4-metric to a Cauchy (spatial) hypersurface Σ and it is convenient then that J i be orthogonal to Σ. Asymptotic matching has provided a coordinate transformation to relate the charts inside B, so, in particular, these matched coordinates are valid in an open region around every J i as long as this is not close to ∂B. We look for asymptotic junction conditions in this subregion of B (i.e. away from ∂B), in terms of differentiability conditions of g (n)
µν . Finally, let us also consider a family of geodesic congruences γ i that pierce J i , where the ith member of the family is parameterized by proper distance ℓ i to the ith hypersurface J i , such that ℓ i = 0 occurs when that member reaches that hypersurface.
We can now begin to look for asymptotic junction conditions by considering the following 4-metric tensor:
where F (·) is a proper transition function that smoothly ranges from zero to unity inside B. Equation (9) is motivated by the fact that any tensor E a1a2...ai b1b2...bj can always be split into
provided that
inside the transition region and that the proper transition function is sufficiently smooth. In (9) this split is valid because g (1)
µν ∼ g (2) µν in B once the maps {ψ, φ} have been applied. As we will see below, however, care must be taken when constructing such proper transition functions F (·) to avoid ruining the differentiability properties of the joined metric.
Let us now define proper transition functions in order to clarify how to merge the metrics via (9) . A proper transition function is a smooth real map F : ℜ → [0, 1] that ranges from zero to unity inside some transition window w and that satisfies the following conditions:
where here ℓ ± is the proper distance to ∂B ± . In other words, a proper transition function as defined here either vanishes identically or becomes exactly unity at ∂B ± . This requirement is necessary to avoid contamination of g (1)
µν in C 2 and vice versa, since in general g (n)
µν has large uncontrolled remainders outside its region of validity. Note that this definition does not constrain how the transition function behaves inside the transition region. Also note that this family of functions tends to the Heaviside function of the previous section as w → 0 and that it does not need to be analytic. We shall not constrain this family further for now, but instead we search for conditions on this family such that (9) satisfies the Einstein equations to the same order as g (n)
µν . With these proper transition functions, we immediately see that the joined metric itself also satisfies the following set of asymptotic conditions:
while in the buffer zone the metric is some weighted linear superposition of both approximate solutions. Note that, thanks to asymptotic matching, the approximate metrics are identical inside the buffer zone up to uncontrolled remainders [see (8) ] and, thus, this linear superposition is valid there, in spite of the non-linearity of the Einstein field equations. Also note that we are free to choose any junction hypersurface J i to join the metrics as long as it is inside B but away from ∂B. However, there is usually a typical choice of J i , given by the surface where the error bars of the approximate metrics become comparable. Such a choice is not unique, but has previously proved to be close to optimal in certain scenarios [7, 8] . Asymptotic matching then seems to be a good technique for the construction of a pure joined 4-metric as given in (9), as long as we find transition functions that are sufficiently well-behaved so that their derivatives do not introduce errors larger than those contained in the approximations.
We now proceed to determine the asymptotic junction conditions by analogy with the standard junction conditions discussed in the previous section. The first junction condition of the previous section is automatically satisfied asymptotically in B via (7) with uncontrolled remainders of O(ǫ l+1 1 , ǫ l+1 2 ). However, the second junction condition is not necessarily satisfied because (7) does not guarantee differentiability across J i to the same order as continuity. Differentiating (9) we obtain
where we have defined the operation {E} = E (1) − E (2) for any function E. In order for (14) to be asymptotically C 1 , we must require that the third term be much smaller than the first two terms. By (8) , we know that the last piece of the third term is of O(ǫ l+1 1 , ǫ l+1 2 ). On the other hand, the first two terms are bounded below by their smallest size, which is of O(ǫ l 1 , ǫ l 2 ). We, thus, arrive at the condition
With this condition, (14) becomes
In vacuum, another condition must be imposed on the 4-metric in order for the Einstein equations to be asymptotically satisfied inside B. This condition can be enforced by requiring that the 4-metric tensor be asymptotically C 2 in B. Differentiating (14) we obtain
(17) Here the parenthesis on the indices represent the standard symmetry operation g (a|b,|c) = 1/2 (g ab,c + g cb,a ). In order for the metric to be asymptotically C 2 in B, we must require that the last two terms be much smaller than the first two. This requirement can be enforced by requiring that
The first condition in (18) is a refinement of (15), while the second condition is new. In this way, the last two terms of (17) become of O(ǫ l+1 1 , ǫ l+1 2 ) or smaller, because by (8) 
. With these conditions, (17) becomes
Transition functions that satisfy (18) are enough to guarantee a C 2 global metric in B, irrespective of the matching order or the junction hypersurface chosen. Requiring the joined solution to be C 2 in B guarantees that the Einstein tensor is also continuous across any J i . Note that since we are dealing with a vacuum spacetime, the junction hypersurfaces do not represent any physical boundary. Since these hypersurfaces are not a physical boundary, they can be chosen arbitrarily as long as they are inside B and away from ∂B so that the approximations are still valid.
We have then derived conditions on the 4-metric and, thus, on the transition functions, that guarantee that the Einstein tensor is continuous in B. Note that the standard junction conditions in the presence of matter do not necessarily require the metric to be C 1 across J , whereas here we must require it to be at least asymptotically C 2 in B, so that no artificial features are introduced at the boundary. We can now formulate the following theorem:
Theorem 1 (Buffer Zone Junction Condition). Consider a spacetime manifold M that can be divided into two submanifolds C 1 and C 2 with boundary, inside which g (1,2) µν are approximate solutions to the vacuum Einstein equations to O(ǫ l 1 , ǫ l 2 ). Let the boundaries of the submanifolds be defined asymptotically by the radius of convergence of the approximations used to obtain g (1,2) µν and let the intersection of these submanifolds, the buffer zone B = C 1 ∩ C 2 , be also defined asymptotically in the same manner. Let us foliate the buffer zone with a family of hypersurfaces J i and consider a family of geodesic congruences γ i , such that the ith member is parametrized by proper distance ℓ i to the ith hypersurface J i . Consider the joined 4-metric tensor
where F (·) is a proper transition function as defined by (12) . Then, the joined metric of (20) is also an approximate solution to the Einstein equations to O(ǫ l 1 , ǫ l 2 ) if and only if the following conditions hold:
The metrics g (1,2) µν have been asymptotically
Proof. The proof follows directly from the calculation of the Ricci tensor, which should vanish in vacuum. Let us then use the joined metric to calculate the Christoffel connection. Doing so we obtain
where the {·} operator was defined in (14) . Outside the buffer zone the terms in curly brackets clearly vanish, but inside this region they could be large. However, note that by condition (i), {g µν } ∼ O(ǫ l+1 1 , ǫ l+1 2 ), while by condition (ii) the derivative of the transition function satisfies F ,α ≪ O(1). Thus, the term in curly brackets satisfies
and we can then write the connection as
We see then that thanks to conditions (i) and (ii), Γ
. However, in order to compute the 4-Riemann tensor, we need the derivative of the connection. This quantity is given by
where other terms have vanished by (22) . Equation (24) must be obtained by differentiating (21) , rather than (23), because otherwise we would miss the second derivatives of the transition functions. The third and fourth terms of (24) are already of O(ǫ l+1 1 , ǫ l+1 2 ) by (23), (8) , condition (i) and (iii). The last term is finally also of
, thus increasing the order of this term by O(ǫ 1 , ǫ 2 ). We are therefore left with
which again leads to the asymptotic condition Γ
βγ,σ in B with uncontrolled remainders of O(ǫ l+1 1 , ǫ l+1 2 ). We are now ready to compute the Ricci tensor. Using Equation (23) and (25) we obtain
where the third term groups all the cross terms that are O(ǫ l+1 1 , ǫ l+1 2 ) in B. Furthermore, we know that the approximate solutions g (1,2) µν satisfy the Einstein equations to O(ǫ l n ), which then implies that
We thus arrive at the conclusion that
which then proves the theorem.
This theorem allows for the construction of pure joined solutions, with a restricted class of transition functions. Note that, although the theorem has been formulated for vacuum spacetimes, it also holds for non-vacuum scenarios as discussed above. The proof for the non-vacuum case can be established simply by following the above proof and realizing that now R (n)
n ). Also note that the ideas of this section can be extended to mixed joined solutions, by replacing condition (i) by some other condition that guarantees that the approximate solutions represent the same spacetime in B. Finally, note that the conditions we impose on the transition functions are not very stringent, thus allowing for a wide range of possible functions.
Projection to a Cauchy Hypersurface
Let us now specialize the pure joined solution of (9) to joined initial data on a Cauchy hypersurface. Since this hypersurface is by definition spacelike, it is convenient to have a foliation of the buffer zone that is timelike as given in the previous section. The data constructed in this section consists of an induced 3-metric on the Cauchy hypersurface and its extrinsic curvature.
Consider then a Cauchy hypersurface Σ ∈ M. The submanifolds (C 1 ,C 2 ) and the buffer zone B then become 3-dimensional surfaces on Σ. We still have a foliation of the buffer zone by an infinite number of timelike junction hypersurfaces J i . Note that these hypersurfaces are now actually submanifolds of co-dimension 1 with respect to Σ but co-dimension 2 with respect to M.
In either C n we can now define the 3-metric (h µν to this hypersurface [28] . In analogy with the previous section, let us then define these objects via
In (29), F (·) is a proper transition function as defined by (12) . Provided this transition function satisfies conditions (ii) and (iii) of Theorem 1, then (29) satisfies the constraint equations of general relativity. There might be some concern that the extrinsic curvature of (29) does not correspond to the same hypersurface Σ as that described by the 3-metric because derivatives of the transition functions have been neglected. However, if the transition functions satisfy the conditions of Theorem 1, then these derivatives are of the same order as the uncontrolled remainders. In order to show this, we can compute the extrinsic curvature from the spatial metric of (29) directly, i.e.
where L n is the Lie derivative along the normal vector to Σ. Clearly, since F (·) is a scalar function, the Lie derivative reduces to the directional partial derivative of this function along the normal vector, i.e. L n = n α F ,α . Since the 3-metrics are already asymptotic to each other to O(ǫ l 1 , ǫ l 2 ) by (8), we must only require that the Lie derivative be smaller than O(1). This condition is consistent with the conditions of the asymptotic junction theorem, since there we required that F ,α ≪ O(1).
We see then that the global 3-metric and extrinsic curvature of (29) represent the same data as that obtained from (9) directly up to the uncontrolled remainders in the approximations. We can then formulate the following theorem, which can be viewed as a corollary of Theorem 1: Theorem 2. Consider a spacetime manifold M with approximate metrics g (1) µν and g (2) µν that satisfy the vacuum Einstein equations to O(ǫ l 1 ) and O(ǫ l 2 ) on submanifolds C 1 and C 2 respectively. Let these submanifolds intersect on a 4-volume B = C 1 ∩ C 2 and foliate the 3-dimensional projection of B onto a Cauchy hypersurface Σ with timelike junction hypersurfaces J i . Consider the 3-metric and extrinsic curvature of Σ constructed via
where F (·) is a proper transition function as defined via (12) , ℓ i is the proper distance to J i on Σ, and {h
(1,2) ab , K
(1,2) ab } are the 3-metric and extrinsic curvature of Σ associated with g (1,2) µν . Then, the 3-metric and extrinsic curvature (31) satisfy the constraint equations of General Relativity on Σ to the same order as g (1,2) µν if and only if the following conditions are satisfied:
The metrics g (1,2)
µν have been asymptotically
Proof. The proof of this theorem is established by projecting the 4-metric onto Σ. The 3-metric is given by
where n a is the covariant normal vector to Σ. Using (9) and the fact that any smooth tensor can be decomposed with transition functions via (10), we rewrite the 3-metric as
ab .
The extrinsic curvature is given by
Inserting (34) into (35) we can rewrite the extrinsic curvature as given in (30) . However, since the transition function satisfies F ,α ≪ O(1), the last term of that equation can be neglected and we obtain
Now, recall that the 4-metric satisfies the vacuum Einstein equations to O(ǫ l 1 , ǫ l 2 ) by Theorem 1. Therefore, this metric also satisfies the constraint equations, since these are related to the temporal components of the Einstein tensor. Since the 3-metric and extrinsic curvature come directly from a projection of this 4-metric, it follows that this data must also satisfy the constraints to the same order.
A simple example
In this section, we investigate the impact of different transition functions on the satisfaction of the Einstein equations. For this purpose, we pick a metric that has already been matched in [8] , henceforth paper I. This metric represents a binary system of Schwarzschild black holes in a quasicircular orbit. We here show explicitly that as long as the transition functions satisfy the conditions of Theorems 1 and 2, the joined metric satisfies the vacuum Einstein equations and, thus, also the constraint equations. 
As explained in paper I, the manifold can be divided into 3 regions (table 1) . The symbols of table 1 represent the following quantities: C n labels the nth submanifold, where n = {1, 2, 3}; A labels the hole, where A = {1, 2}; r in and r out are the approximate inner and outer boundary of each C n submanifold as measured from the Ath hole; r ′ A andr A are the radial distances as measured from the Ath hole in near and inner zone coordinates; ǫ n is the perturbation parameter used in the approximate solution g (n) µν in C n ; m A is the mass of the Ath hole; b is the orbital separation on Σ; λ is the gravitational wavelength. Technically, there is a fourth region beyond the near zone, but we neglect this here since it does not affect the study of transition functions. For a detailed description of this subdivision and a pictorial representation of these zones refer to [7, 8] .
These submanifolds overlap clearly in two buffer zones:
, where x α A is measured from the nth hole. Asymptotic matching and the transition functions act in these buffer zones, which can only be defined asymptotically and, thus, any statement regarding them must be interpreted in that sense. In particular, this implies that any quantity that is valid in the buffer zone need not be valid near the boundary of the buffer zone (i.e., as x α A → b or x α A → m A .) Also note that these buffer zones are actually 4-volumes and can be foliated by an infinite number of timelike junction hypersurfaces.
Different approximations are used in each zone to solve the Einstein equation. In either inner zone, black hole perturbation theory allows us to obtain a tidally perturbed metric. Let us concentrate on inner zone 1 near hole 1, since the metric in the other inner zone can be obtained via a symmetry transformation. In C 1 , the perturbed metric is given in isotropic corotating coordinates xā by
where ǫābc is the standard Levi-Civita symbol with convention ǫ123 = 1 and where δā b is the Kronecker delta. In (37) we used the shorthand
wherer = (x 2 +ȳ 2 +z 2 ) 1/2 and P 2 (·) is the second Legendre polynomial. Equation (37) then satisfies the linearized Einstein equations in C 1 . These equations are identical to Eqs. (18) and (19) of paper I and solve the Einstein equations to O(r 1 /b) 3 . We refer the reader to that paper for an explanation of the derivation of this metric. In the near zone, a post-Minkowskian expansion is used to find an approximate solution. This solution in corotating ADMTT coordinates x a ′ [Eqs. (7)-(12) in paper I] is given by
where we introduced a post-Newtonian conformal factor
and where the post-Newtonian lapse and shift are given by
In these equations, the radial distance to the Ath hole is given by r ′2 Once more, we refer the reader to that paper for an explanation of the derivation of such a metric. In these equations, the non-zero components of the velocities v A and the unit vectors n A are given in the t ′ = 0 slice by
where w is the post-Newtonian angular velocity given by
with errors of O(m/b) 5/2 . Equation (43) appears also in paper I and in Eq. (60) of [29] , where µ = m 1 m 2 /m is the reduced mass of the system. Asymptotic matching was performed in paper I and a coordinate and parameter transformation was found such that (7) is satisfied. For buffer zone 1, O 13 , such a transformation to O[m A /r ′ A , (r A /b) 2 ] is given by
where η µν is the Minkowski metric and δ µν is the 4-Euclidean metric. Note that xμ ∼ x µ to zeroth order and, when describing certain figures, we will sometimes use them interchangeably. In paper I, asymptotic matching is carried out to slightly higher order, but since the purpose of this section is to study transition functions we use (44) instead. The metric in inner zone 2 and the matching coordinate and parameter transformations in buffer zone 2, O 23 , can be obtained by applying the following transformation to (37) and (44):
In order to study these transition functions, we pick a particular physical system. We choose a system of equal mass black holes m 1 = m 2 = 0.5m separated by an orbital distance b = 20m. The holes are non-spinning and located on the x-axis at x = 10m and x = −10m for the first and second hole respectively. The holes are orbiting in the counter-clockwise direction about the z-axis. The buffer zones are then given by O A3 : 20 ≪ r ′ A /m ≪ 0.5. This system is used to study different transition functions, but we should note that the asymptotically matched metric of paper I is valid for a wide range of systems.
We here keep the physical system fixed and pick several different transition functions to investigate how these functions change the satisfaction of the Einstein equations. We consider the following type of transition functions:
• Transition function 1 (TF 1)
where r − and r + determine where the transition begins and ends, w determines the size of the region, and s and q determine the slope of the transition function roughly when f 1 ∼ 1/2. This function is similar to that used in paper I and we use similar parameters, i.e.
• Transition function 2 (TF 2)
where here d is approximately the distance from the Ath hole at which the derivative of the transition function peaks and w is approximately the size of the transition window. For this transition function we choose the following parameters
• Transition function 3 (TF 3)
but with parameters w = m and d = 8m. For all these transition functions, the transition window w is defined roughly as the size of the region inside which the function ranges from 0.01 to 0.99. The transition functions that we have chosen clearly have different properties. First, notice that the functions transition at different speeds, because the size of their respective transition windows w varies. In particular, TF 3 transitions the fastest, followed by TF 2 and then TF 1. Second, notice that the transition functions become roughly equal to 1/2 at different radii: r ≈ 7m for TF 1, r ≈ 6m for TF 2 and r ≈ 8m for TF 3. Third, notice that TF 1 and 3 are formally proper transition functions as defined in (12) , while TF 2 is not, since it does not vanish fast enough as r → 0. However, recall that not all proper transition functions are allowed in Theorem 1. Finally, notice that all functions are smooth as required, but not all are analytic, since TF 1 does not have a Taylor expansion about r = r ± (recall, however, that analyticity was not required.)
These different features of the transition functions can be observed in Figures 1  and 2 . Figure 1 shows the behaviour of the different transition functions as a function of radius, while figure 2 shows their first and second derivatives. Observe in figure 1 that the transition occurs at different radii and that they transition at different speeds. In figure 2 we can observe the difference in the transitioning speed better. We can clearly see in this figure that the derivatives of TF 1 are the smallest, followed by TF 2 and then TF 3. Note, however, that both TF 1 and TF 2 have derivatives that are consistently of order much less than O(1), while TF 3 has first derivatives of O(1) or larger. The inset in this figure shows the large derivatives of TF 3. Also note that the second derivatives of the first and second transition functions are consistently smaller than their first derivatives. This is a consequence of the size of the transition window. If such a window were chosen to be smaller, as in the case of TF 3, then the second derivative would become larger than the first. With these transition functions we can now construct pure joined solutions via
where we assume g
(1,2) µν has been transformed with the coordinate and parameter transformation of (44) and where f (·) can be any of TF 1, TF 2 or TF 3. Equation (51) is an extension of (9) applicable to two buffer zones. Extensions to more than 2 buffer zones are also straightforward.
Whether the joined metric of (51) satisfies the Einstein equations to the same order as the approximate solution depends on the transition function used. We expect the metric constructed with TF 1 to have small violations because it is a proper transition function that clearly satisfies the differentiability conditions required in Theorems 1 and 2. On the other hand, TF 2 and 3 do not satisfy these conditions because TF 2 is not a proper transition function and TF 3 violates condition (ii) and (iii) of Theorem 1. This behaviour, however, is not clear by simply looking at metric components. In figure 3 we plot the determinant of the spatial metric along the x-axis, where joined metrics are glued with different transition functions. This determinant gives a measure of the volume element on Σ and, as one can see in the figure, the difference when different transition function are used is small. This behaviour is not unique to the x-axis, but is actually observed along the other axis as well. When this is the case, we only show the behaviour along the x-axis in order to avoid redundancy.
Although the volume element computed with different transition functions is similar, metrics joined with different transition functions do not satisfy the Einstein equations to the same order. In figure 4 , we plot the 4-Ricci scalar calculated with the global metrics joined with different transition functions. This plot is representative of the behaviour of the 4-Ricci scalar in the entire domain, although here we plot it only along the x-axis. We also plot only the region to the right of BH 1 because the behaviour of the 4-Ricci scalar is symmetric about x = 0 and the transition functions are symmetric aboutr A = 0. Thus, the behaviour of the 4-Ricci scalar in other regions of the domain is similar to that shown in figure 4 (see paper I for contour plots of some of these quantities.)
There are several features in figure 4 that we should comment on. First, observe that the (4) R is everywhere smaller than the uncontrolled remainder in the approximate solutions (roughly O(m/b) 2 ≈ 0.0025 in the buffer zone for the system considered) when the joined metric is constructed with TF 1. However, this is not the case for the metrics constructed with TF 2 and 3. For those metrics, (4) R has spikes close to r ′ A = 0 (x ≈ 10m) and r ′ A = 8m (x ≈ 18m) for TF 2 and 3 respectively. The spike in the metric constructed with TF 3 is associated with the smallness of its transition window, which forces large derivatives in the transition function, thus violating conditions (ii) and (iii) of Theorems 1 and 2. The spike in the metric built with TF 2 is related to the fact that this function does not identically vanish close to BH A, violating the definition of a proper transition function. From a physical standpoint, the failure to use appropriate transition functions to create a pure joined solution introduces a modification in the matter-sector of the Einstein equations, namely the artificial creation of a shell of matter. One can straightforwardly see from (5) and (30) that the stress-energy tensor of this shell depends on the non-vanishing derivatives of the transition function.
A deeper analysis of the spike in (4) R due to the joined metric with TF 2 reveals that the conditions found are sufficient but formally not necessary. The 4-Ricci scalar constructed with the post-Newtonian metric ( (4) R P N ) diverges close to BH A, since Figure 4 . 4-Ricci scalar along the x-axis for the global metrics joined with TF 1 (dashed line), TF 2 (dotted line) and TF 3 (solid line.) Observe that the 4-Ricci scalar is small everywhere for the metric constructed with TF 1, but it has spikes for that built with TF 2 and 3. The inset zooms to the region x ∈ {11, 22} so that the difference between the 4-Ricci scalar calculated with TF 1 and 2 are more noticeable.
this approximation breaks down in that region. Therefore, if the transition function does not vanish identically, or faster than the divergence in (4) R P N , then (4) R will present a spike. This spike, however, would disappear if the transition function decayed to zero faster than the divergence in (4) R P N . In this sense, the conditions discussed here are sufficient, but not technically necessary since the definition of a proper transition function could be slightly weakened.
The second feature we should comment on is the behaviour of (4) R in the region x/m ∈ {11, 17}. As one can observe in the inset, the transition functions indeed introduce some error in this region. However, note that this error for the metric constructed with TF 1 is smaller than the uncontrolled remainders in the approximate solutions. Also note that this error is independent of the location of the center of the transition window. In other words, the transition functions can act anywhere in the buffer zone away from the boundaries, and not just at a specific 2-surface. The error introduced by these functions is actually correlated to both the size and functional form of the second derivative of the transition functions, as one can see by comparing this inset to figure 2. The metric constructed with TF 1 has the smallest error in this region, followed by that built with TF 2 and 3. These features are not too surprising because, as shown in the proof of Theorem 1, the error introduced by the transition functions in the calculation of the Ricci tensor scales with the derivatives of these functions.
Once an approximate global 4-metric has been found, we can use it to construct initial data. These data could be given for example by Equation (52) is simply a generalization of (29) for 2 buffer zones. The extrinsic curvatures for the inner zones and near zone are provided explicitly in paper I.
Are we allowed to construct data with transition functions in this way? There might be some doubt as to whether this is valid, since the fact that the joined metric satisfies the Einstein equations does not necessarily guarantee that we can use transition function to construct the data itself. In particular, there might be some worry that the extrinsic curvature calculated from (51) generally contains derivatives of the transition functions that (52) neglects. Theorem 2, however, ensures that this construction is indeed valid, provided the transition functions satisfy the same differentiability conditions proposed in Theorem 1. This is because the derivatives of these functions are then small and, in particular, the terms that are proportional to them are of the same order as the uncontrolled remainders in the approximations.
These expectations can be verified in figure 5 , where we plot the xy-component of the extrinsic curvature along the x-axis constructed both via (52) (glued T 1, 2 and 3 in the caption) and by direct differentiation of (51) (full T 1, 2 and 3 in the caption.) We plot only the xy-component because this is the dominant term of this tensor along the x-axis for the system considered and it shows the main differences in using different transition functions. We have checked that other quantities, like the trace of the extrinsic curvature, behaves similarly. For contour plots of the extrinsic curvature refer to paper I.
As in the case of the Ricci scalar, there are several features of figure 5 that we should discuss. First, observe that that the extrinsic curvatures constructed with TF 1 agree in the buffer zone up to uncontrolled remainders. These remainders are of O(m/b) 3/2 ≈ 0.01 in the buffer zone, because here we have used a coordinate transformation from the matching scheme that is valid only up to O(m/b). The inset zooms to a region close to the outer boundary of the buffer zone in order to show this agreement better. The humps in this region are produced by the non-vanishing Lie derivatives of the transition functions. Observe that, as expected, these humps are smallest for TF 1, followed by TF 2 and 3. Clearly, if we performed matching to higher order, the agreement would be better and the size of the humps would decrease. The agreement is good for the curvatures constructed with TF 1, but the curvatures built with TF 2 and 3 have strong spikes roughly near the boundary of the buffer zone. These spikes arise because TF 2 violates the definition of a proper transition function, while TF 3 violates conditions (ii) and (iii) of Theorem 2.
We have then seen in this section an example of Theorems 1 and 2. Even though we have not shown the error in the constraints, this error presents the same features as those shown in figure 4. We have also seen the importance of restricting the family of transition functions to those that satisfy conditions (ii) and (iii) of Theorems 1 and 2, as well as the definition of a proper transition function. The construction of pure, or mixed, joined solutions can then be carried out with ease as long as transitions functions are chosen that satisfy the conditions suggested here.
Conclusion
We have studied the construction of joined solutions via transition functions. In particular, we focused on pure joined solutions, constructed by gluing analytical approximate solutions inside some buffer zone where they were both valid. The gluing process is accomplished via a weighted-linear combination of approximate solutions with certain transition functions. We have constrained the family of allowed transition function by imposing certain necessary conditions that guarantee that the pure joined solution satisfies the Einstein equations to the same order as the approximations. With these conditions, we formulated and proved a theorem that ensures that the joined solution is indeed an approximate solution to the Einstein equations. We extended these conditions to projections of the joined solution onto a Cauchy hypersurface. We verified that the data on this hypersurface can itself be constructed as a weightedlinear combination with the same transition functions as those used for the joined solution. We proved that if these functions satisfy the same necessary conditions, the data is guaranteed to solve the constraints of the Einstein equations to the same order as the approximations.
Furthermore, we explicitly verified these theorems numerically by considering a binary system of non-spinning black holes. The approximate solutions used were a post-Newtonian expansion in the far field and a perturbed Schwarzschild solution close to the holes. We considered three different kinds of transition functions, two of which violated the conditions proposed in the theorems. The joined solutions constructed with these transition functions were shown to produce large violations to the Einstein equations. These violations were interpreted as the introduction of a matter-shell, whose stress-energy tensor was shown to be related to derivatives of the transition functions. The joined solution constructed with the transition function that did satisfy the conditions of the theorems was seen to introduce error comparable to that already contained in the approximate solutions. We further verified that projections of this joined solution to a Cauchy hypersurface can also be constructed as a weighted-linear combination of projections of approximate solutions with transition function. These joined projected solutions were seen to still satisfy the constraints of the theory to the same order as the approximate solutions provided the transition functions satisfied the conditions of the theorems.
The glue proposed here to join approximate solutions has several applications to different areas of relativistic gravitation. Initial data for numerical simulations could, for example, be constructed once approximate solutions to the system have been found and asymptotically matched inside some buffer zone. In particular, initial data for a binary system of spinning black holes could be generated by asymptotically matching and gluing a tidally perturbed Kerr metric [30] to a post-Newtonian expansion (see [31] .) One could also study the absorption of energy and angular momentum [32] , as well as the motion of test particles [33] , in the spacetime described by such pure joined solutions. Finally, one could extend the scheme developed here to formalize the construction of mixed joined solutions. Such solutions could, for example, be composed of a post-Newtonian metric glued to a numerically simulated metric or a semi-analytical approximate metric [9, 10, 34, 35] . Such mixed joined solutions could then be used to construct reliable waveform templates for extremely non-linear physical scenarios.
